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1 $f:Carrow C$ $p\in \mathbb{C}$ $f(p)=p,$ $f’(p)=0$
$p$ $f$ $f$ $p$
$k>1$ $Zarrow Z^{k}$ B\"ottcher





















$\varphi:Uarrow V$, $\varphi(0)=0$ , $\varphi’(0)=1$
$\varphi of(z)=(\varphi(z))^{k}$
$r>0$ $r$ $D_{r}$ $f$
\mbox{\boldmath $\tau$} closure$(f(D_{r}))\subset D_{r}$ $z\in D_{r}$ $f^{n}(z)arrow 0(narrow\infty)$
$D_{r}$ $f(z)$ $0$





$=(f(z))^{\frac{1}{k}}$ ( $\varphi’(0)=1$ )
$\varphi_{n}(z)=(f^{on}(z))^{\frac{1}{k^{n}}}$ $(\varphi_{n}’(0)= 1)$
$\varphi_{n}$ : $D_{r}arrow \mathbb{C}$ ( $f^{\text{ }n}$ $f$ $n$
)
$narrow\infty$ $\varphi\prime n$ $D_{r}$
$\varphi=narrow\infty 1i_{l}n\varphi_{n}$
$\varphi of(z)=\lim_{narrow\infty}(f^{on}(f(z)))^{\frac{1}{k^{n}}}=\lim_{narrow\infty}((f^{\text{ }\langle n+1)}(z))^{\frac{1}{k^{\mathfrak{n}+1}}})^{k}=(\varphi(z))^{k}$
$\varphi:D_{r}arrow\varphi(D_{r})$
$\varphi_{n}$
$D_{r}$ $H(z)$ :D. $arrow C$
$H(z)= \frac{\varphi_{1}(z)}{z}$ $H(0)=1$





$=( \frac{\varphi_{1}(f^{on}(z))}{f^{on}(z)})^{\text{ }}$ $=(H(f^{on}(z)))^{\frac{1}{k^{n}}}$
$\varphi_{n+1}(z)=z\prod_{i=0}^{n}\frac{\varphi_{i+1}(z)}{\varphi_{i}(z)}=z\prod_{i=0}^{n}(H(f^{\text{ }i}(z)))^{\frac{1}{k}}$
$\log(\frac{\varphi_{n+1}(z)}{z})=\sum_{i=0}^{n}\log(H(f^{\text{ }i}(z))^{\frac{1}{k}})=\sum_{i=0}^{n}\frac{1}{k^{i}}\log(H(f^{\text{ }i}(z)))$
$f^{oi}(z)\in D_{r}$ Y $\log(H(f^{oi}(z)))$ $\varphi_{n}$ $\varphi$
2. 2 B\"ottcher
2
$F:\mathbb{C}^{2}arrow \mathbb{C}^{2}$ $O=(0,0)$ $O$ $F$
$F(O)=O$
$F(x, y)=(f_{1}(x, y),$ $f_{2}(x, y))$
$x$ $y$ $F$
$f_{1}(x,0)=x^{2}+h.0.t.$ , $f_{2}(0,y)=y^{2}+h.0.t$ .
Y $\det(DF)$ $x$ $y$




$g_{1}(x, y)$ $g_{2}(x, y)$
$\psi:\mathbb{C}^{2}arrow \mathbb{C}^{2}$ $\psi(x,y)=(x^{2},y^{2})$
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$\Phi$ : $\mathbb{C}^{2}arrow \mathbb{C}^{2}$
$\Phi(0,0)=(0,0)$ , $D\Phi_{\langle 0,0)}=$ $(\begin{array}{ll}1 00 1\end{array})$
$\Phi oF=\psi 0\Phi$
$DF_{O}=$ $(\begin{array}{ll}0 00 0\end{array})$
‘ $\mathbb{C}^{2}$ $U$ ‘ closure(F(U)) $\subset U$ $(x, y)\in U$
$\lim_{narrow\infty}F^{\text{ }n}(x, y)=O$ $U$
$|yg_{1}(x,y)|< \frac{1}{2}$ , $|xg_{2}(x,y)|< \frac{1}{2}$
$F^{on}(x, y)=(F_{1}^{on}(x, y),$ $F_{2}^{on}(x, y))=(x_{n}, y_{n})$




$\varphi_{n}(x, y)$ $\varphi_{n}(x, y)$ $\frac{\partial\varphi_{n}}{\partial x}(O)=1$ $F$ $y$
$y$ $F$ $\varphi_{n}$
$\varphi_{n}$






$U$ $g_{1}(x, y)|< \frac{1}{2}$
$\varphi_{n+1}(x,y)=x\prod_{j=0}^{n}(1+y_{j}g(x_{j},y_{j}))^{\frac{1}{2J+1}}$
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( $(x_{0},$ $y_{0})=(x,$ $y)$ ) $\varphi_{n}$ $U$
2 $\Phi_{2}$
$\Phi(x,y)=(\Phi_{1}(x,y),$ $\Phi_{2}(x, y))$
$\Phi oF$ $=$ $\psi 0\Phi$
2
$F:\mathbb{C}^{2}arrow \mathbb{C}^{2}$ $O$ $k,$ $p\geq 2$
$F(x, y)=$ $(x^{k}(1+yg_{1}(x,y)),y^{p}(1+xg_{2}(x,y)))$
$\Phi$ : $\mathbb{C}^{2}arrow \mathbb{C}^{2}$
$\Phi(0,0)=(0,0)$ , $D\Phi_{O}=(\begin{array}{ll}1 00 1\end{array})$
$\Phi oF=\Psi 0\Phi$
k‘v‘ $\Psi(x, y)=(x^{k}, y^{p})$
3.
$F:\mathbb{C}^{2}arrow \mathbb{C}^{2}$ $O$ $A(O)$
$A(O)= \{(x,y)\in \mathbb{C}^{2}|\lim_{narrow\infty}F^{on}(x,y)=O\}$
$\Phi$







1: $-1.2\leq\Re(x)\leq 1.2$ , $-0.96\leq\Im(x)\leq 0.96$
2 : $-0.77\leq\Re(x)\leq-0.67$, $0.46\leq\Im(x)\leq 0.54$








4 : $-0.9\leq\Re(x)\leq 1.5$ , $-0.96\leq\Im(x)\leq 0.96$
5 : $0.2\leq\Re(x)\leq 0.4$ , $0.62\leq\Im(x)\leq 0.78$
6 $1.161\leq\Re(x)\leq 1.187$ , $-0.05\leq\Im(x)\leq-0.28$
7 : $-0.9\leq\Re(x)\leq 1.5$ , $-0.96\leq\Im(x)\leq 0.96$
8: $0.375\leq\Re(x)\leq 0.385$ , $0.64\leq\Im(x)\leq 0.648$
9 : $1.22\leq\Re(x)\leq 1.34$ , $0.195\leq\Im(x)\leq 0.285$
4.
$F$ : $\mathbb{C}^{2}arrow \mathbb{C}^{2}$ $O$ $F$ $F$
$O$ $DF_{O}$ $0$ b >1
$O$ $F$
$DF_{O}=$ $(\begin{array}{ll}0 00 b\end{array})$
$x$
$F(x,0)=(x^{2}+O(x^{3}), O(x^{2}))$
$y$ $y$ $O$ $y$
$F(0,y)=(0, by+O(y^{2}))$
$\{\det(DF)=0\}=\{0\}\cross \mathbb{C}$
$F$ $D$ $\sigma$ : $Darrow \mathbb{C}^{2}$
$D\sigma_{0}=(1,0)$ $Fo\sigma(\zeta)=\sigma(\zeta^{2})$ 1
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$\sigma$ $D$ ( )
$\sigma(D)$ $O$ ( )
$F$ $y$
$F(0, y)$ $=$ ( $0,$ by)
$\backslash$ . $x$ B\"ottcher
$F(x,0)=(x^{2}, O(x^{2}))$
$F(x,y)=(F_{1}(x,y),$ $F_{2}(x,y))=(x^{2}(1+g_{1}(x,y)),by+xg_{2}(x,y))$
$g_{1}(x, y)$ $g_{2}(x, y)$
$g_{1}(x, 0)=0,$ $g_{2}(0,0)=0$
$r_{0}$ $u$
$D_{r_{0}}=\{x\in \mathbb{C}||x|<r_{0}\}$ , $D_{u}=\{y\in \mathbb{C}||y|<u\}$
$0<r_{0}< \frac{1}{4}$ $0<u<1$
$F$ $D_{r_{0}}\cross D_{u}$
$m_{1}=$ $\sup$ $|g_{1}(x,y)|$ , $m_{2}=$ $\sup$ $|g_{2}(x,y)|$ ,
$(x,y)\in h_{r_{0}}xIb_{u}$ (x,y)\in \phi r0 $\cross$
$M_{1}=(x,y) \in\phi_{f}\sup_{0^{\cross}}$
Ith.
$| \frac{\partial g_{1}}{\partial y}(x,y)|$ , $M_{2}=(x,y) \in\phi_{f}\sup_{0^{\cross Ib_{u}}}|\frac{\partial g_{2}}{\partial y}(x,y)|$ ,
$0\leq m_{1}<\infty$ , $0\leq m_{2}<\infty$ ,
$0\leq M_{1}<\infty$ , $0\leq M_{2}<\infty$
$\beta=$
$r= \min(r_{0}, \frac{1}{2(1+m_{1})} \frac{(\beta-1)u}{m_{2}}\frac{\beta-1}{16uM_{1} ,} \frac{\beta-1}{4M_{2}})$










$\varphi\in X$ $x\in D_{r}$ \mbox{\boldmath $\tau$}
$F_{2}(x,y)=\varphi(F_{1}(x,y))$
$y\in D_{u}$ 1
$h(y)$ $=F_{2}(x, y)-\varphi(F_{1}(x, y))$
$h(y)=0$ $y$





$N:D_{u}arrow D_{u}$ $y_{1},$ $y_{2}\in D_{u}$
$N(y_{1})-N(y_{2})=- \frac{1}{b}(x(g_{2}(x,y_{1})-g_{2}(x,y_{2}))+(\varphi(F_{1}(x,y_{1}))-\varphi(F_{1}(x,y_{2}))))$ .
$|g_{2}(x,y_{1})-g_{2}(x,y_{2})|=| \int_{y_{2}}^{y_{1}}\frac{\partial g_{2}}{\partial y}(x,y)dy|\leq M_{2}|y_{1}-y_{2}|$




$\leq$ $\frac{1}{\beta}(\frac{\beta-1}{4}+\frac{\beta-1}{4})|y_{1}-y_{2}|$ $=$ $\frac{\beta-1}{2\beta}|y_{1}-y_{2}|$ $<$ $\frac{1}{2}|y_{1}-y_{2}|$
$h(y)=0$ $y=\psi(x)$ $x\in D_{r}$
$\psi=\Gamma(\varphi)$
$\Gamma$ : $Xarrow X$ $\sup$
$\Vert\varphi\Vert=\sup|\varphi(x)|$
$x\in\phi_{f}$
$\varphi_{1},$ $\varphi_{2}\in X$ $\psi_{1}$ $=$ $\Gamma(\varphi_{1}),$ $\psi_{2}$ $=$
$\Gamma(\varphi_{2})$ $x\in D_{r}$
$|F_{2}(x,\psi_{1}(x))-F_{2}(x,\psi_{2}(x))|=|b(\psi_{1}(x)-\psi_{2}(x))+x(g_{2}(x, \psi_{1}(x))-g_{2}(x,\psi_{2}(x)))|$



















$y=\varphi_{0}(x)$ $W$ $W$ $\mathbb{C}^{2}$ $W$
$x$ $F$ $W$ $W$
$\rho:Warrow W$ $\rho(x)=F_{1}(x, \varphi_{0}(x))$
$\rho(0)=0$ , $\rho’(0)=0$ , $\rho^{u}(0)=2$
$\rho$ : $Warrow W$ $B\ddot{o}$ttcher
$\sigma$ : $Darrow W$
$\sigma(0)=0,$ $\sigma’(0)=1$
$\rho 0\sigma(\zeta)=\sigma((2)$
1 $\rho$ $F$ $W$ $\sigma$
Reference
B\"ottcher: Bull. Kasan Math. Soc. 14 (1905) p176.
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